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We develop a semiclassical theory to describe the photon momenta in left-handed materials
(LHMs). A single two-level atom is introduced as an “explorer” to probe the momenta of pho-
tons. We demonstrate that the linear momentum of the photons reverses its direction in LHMs.
However the orbital angular momentum is remains unreversed, although the wave-fronts reversed
their screwing fashion. We theoretically predict that the spin angular momentum is also unreversed.
The investigation of photon momenta will provide insights into the fundamental properties of LHMs.
PACS numbers: 42.25.-p; 42.79.-e; 41.20.Jb; 78.20.Ci
Left-handed materials (LHMs) would reverse many
known optical properties [1], such as negative refrac-
tion [2], reversed Doppler effect [3], negative Goos-
Ha¨nchen shift [4], and reversed Cherenkov effect [5].
Vesalago theoretically predicted that the electromagnetic
momentum should reverse its direction in LHMs [1].
However, there exist different arguments on the direc-
tion of linear momentum in LHMs [6, 7, 8, 9]. The
issue of how to describe electromagnetic momentum is
still a matter of debate, primarily because what is con-
sidered electromagnetic and what mechanical is to some
extent arbitrary [10]. Now an question naturally arises:
Whether is the linear momentum of photons in LHMs
reversed? In principle, the momenta can be divided into
linear momentum, orbital, and spin angular momenta.
However, the spin and orbital angular momenta have re-
ceived much less attention. Hence, we want to enquire:
Whether are the spin and orbital angular momenta also
reversed?
In order to explore the momenta in LHMs, we develop
a semiclassical theory to describe the photon momentum
in LHMs. Here we do not want to involve in the famous
Abraham-Minkowski controversy. The accepted conven-
tion associates the term Abraham momentum with the
quantityD×B and the term Minkowski momentum with
the quantity E×H/c2 [10]. In our theory model, we in-
troduce a two-level atom as an “explorer” to probe the
photon momenta. The interaction of atom with a sin-
gle mode of laser beam in which the atom is treated as a
quantum two-level system and the laser field is treated as
classically. It is well known that Laguerre-Gaussian (LG)
beam can carry two kinds angular momentum: spin an-
gular momentum of magnitude ~ per photon due to its
polarization state and orbital angular momentum of l~
per photon due to an azimuthal phase term exp[ilϕ] [11].
Thus, we introduce the LG beam to describe the orbital
angular momentum.
We consider a monochromatic electromag-
netic field E(r, t) = Re[E(r) exp(−iωt)] and
H(r, t) = Re[H(r) exp(−iωt)] of angular frequency
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ω propagating in a homogeneous medium whose permit-
tivity ε and permeability µ are negative simultaneously.
The field can be described by the Maxwell’s equations
and the constitutive relations
∇×E = −∂B
∂t
, B = µ0µH,
∇×H = ∂D
∂t
, D = ε0εE. (1)
From the Maxwell’s equations, we can easily find that
the wave propagation is permitted in the medium with
ε, µ < 0. In this case, E, H, and k form a left-handed
triplet.
Under the paraxial approximation |∂E/∂z| ≪ k|E|, we
obtain the wave equation(
∂2
∂ρ2
+
1
ρ
∂
∂ρ
+
∂2
∂ϕ2
+ 2ik
∂
∂z
)
E(ρ, ϕ, z) = 0, (2)
where r = (ρ, ϕ, z) is cylinder polar coordinates and k =
nω/c. A particularly important solutions of the paraxial
wave equation are given by LG set of modes. In general,
the LG field in LHMs can be written as [12]
Epl =
Cpl
w(z)
[√
2ρ
w(z)
]|l|
L|l|p
[
2ρ2
w2(z)
]
exp
[ −ρ2
w2(z)
]
× exp[ink0z] exp
[−ink0ρ2z
R(z)
]
exp[ilϕ]
× exp[−i(2p+ |l|+ 1) arctan(z/zR)], (3)
w(z) = w0
√
1 + (z/zR)2, R(z) = z +
z2R
z
. (4)
Here Cpl is the normalization constant, L
|l|
p [2ρ2/w2(z)] is
a generalized Laguerre polynomial, k0 = ω/c is the wave
number in vacuum, zR = nk0w
2
0/2 is the Rayleigh length,
w(z) is the beam size, and R(z) the radius of curvature
of the wave front. The last term denotes the Gouy phase
which is given by Φ = −(2p+ |l|+ 1) arctan(z/zR).
Laguerre-Gaussian beams with helical phase fronts,
characterized by an exp[ilϕ] azimuthal phase depen-
dence, the orbital angular momentum in the propagation
2FIG. 1: The helical wave front for Laguerre-Gaussian beam
result from an azimuthal phase structure of exp[ilϕ] (l = +1).
The phase velocity vp reverses its direction and the wave-
fronts reverse their screwing rotation in the LHM. When a
moving atom with velocity V across the helical wave fronts,
it experiences the dissipative force.
direction has the discrete value of l~ per photon [11]. In
the LHM, the constant wavefront satisfies
Θ(R) = nk0z +
−ink0ρ2
R(z)
+ lϕ+Φ. (5)
The schematic view of the wave front is a three-
dimensional screw surface of (ρ cosϕ, ρ sinϕ, z). The
wavefront structure reverse their screw types with a pitch
of λ0/|n| (see Fig. 1). Now we want to inquire: Whether
the orbital angular momentum correspondingly reverses
its direction?
In order to probe the momenta of photons, we intro-
duce a moving atom as an “explorer”. We first attempt
to derive the time dependent average force acting on the
atom as a mobile center of mass exhibiting gross motion,
and the internal dynamics is described by a two-level sys-
tem interacting with laser light. The total Hamiltonian
for the atom plus field can be written as the sum of three
terms
H = Hfield +Hatom +Hint, (6)
where Hfield and Hatom are the zero-order Hamiltonians
for the laser and the atom, respectively. The interaction
Hamiltonian Hint describes the coupling of the atom to
the electromagnetical field and is given in the electric
diploe approximation by
Hint = −d · E(R), (7)
where d is the atomic dipole moment operator and E(R)
is the electric field evaluated at position R of the atom.
The average radiation force acting on the atom is de-
fined as the average rate of change of the atomic momen-
tum [13], we can write
〈F(R)〉 = −〈∇Hint〉. (8)
This is a time-dependent as well as spatially dependent
force and it turns out that it is divisible into two types
of force, namely, the dissipative force and a dipole force.
The dissipative force represents the force due to the ab-
sorption and reemission of the light by the atom [14]. To
explore the linea momentum and orbital angular momen-
tum of photons, we want to investigate the dissipative
force, which is given by
〈Fdiss(R,V)〉 =
2~ΓΩ2lp(R)∇Θlp(R)
∆lp(R)2 + 2Ωlp(R)2 + Γ2
, (9)
where Γ is the half-width of the upper quantum atomic
state, and ∇Θ(R) is the spatial gradient of the phase of
LG beam:
∇Θ(R) =
[
− nk0 + nk0ρ
2
2(z2 + z2R)
(
2z2
z2 + z2R
− 1
)
− (2p+ |l|+ 1)zR
z2 + z2R
]
ez +
nk0ρ
2
R(z)
eρ +
l
ρ
eϕ.(10)
The plane-wave phase emerges directly from by setting
l = 0, p = 0, and zR → ∞. The function Ωpl(R) is
identified as the position-dependent Rabi frequency:
Ωpl(R) =
Ω00Cpl
1 + z2/z2R
[√
2ρ
w(z)
]|l|
L|l|p
[
2ρ2
w2(z)
]
exp
[ −ρ2
w2(z)
]
,
(11)
which is well defined for a given plane-wave Rabi fre-
quency Ω00 and LG field. The dynamic detuning is de-
fined as
∆pl(R) = ∆0 −∇Θlp(R) ·V, (12)
where ∆0 = ω − ω0 is the static detuning, with ~ω0 the
level energy separation of the two-level atom and ω the
frequency of the light. Lagurre-Gaussian field exerts mo-
menta to the atom is given by Fdiss = dP/dt. To explore
whether the photon momentum is reversed, we need to
judge the direction of dissipative force. The force of the
atom experiencing in a LG field is given by
〈Fdiss(R)〉 = ~ΓJ
1 + J +∆2/Γ2
{
− nk0ρ
R
eρ − l
ρ
eϕ
+
[
− nk0 + nk0ρ
2
2(z2 + z2R)
(
2z2
z2 + z2R
− 1
)
− (2p+ |l|+ 1)zR
z2 + z2R
]
ez
}
, (13)
where J = 2G2(R)/Γ2 is the position-dependent sat-
uration parameter. The motion of the atom governed
by Fdiss = d
2R(t)/dt2, and the trajectory is depicted in
Fig. 2. The dominant component of the dissipative force
is the axial term:
〈Faxial〉 = nk0~ΓJ
1 + J +∆2/Γ2 ez. (14)
Note that the wave vector reverse its direction, thus the
axial dissipative force should reversed its direction. Thus
3FIG. 2: The trajectory of a two-level atom in LG field (l = 1)
embedded in the homogeneous RHM and LHM. The liner mo-
mentum pz reverses its direction. However the orbital angu-
lar momentum Jz = ρ× pϕ remains its direction unreversed.
Inset: Transverse intensity distribution of the LG field.
the linear momentum of photon pz = ~k is reversed,
which demonstrates Veselago’s early prediction [1].
The azimuthal is the only force that is response for a
torque on the atom about the propagating axis of LG
beam,
〈Fazimuth〉 = ~ΓJ
∆2 + Γ2 + 2Ω2lp(R)
l
ρ
eϕ. (15)
The torque is given by 〈T〉 = 〈ρ×Fazimuth〉. Clearly, the
atom will rotate anticlockwise (l > 0) or clockwise (l < 0)
about the beam axis with a angular velocity. This can
be easily understood if we consider the torques under the
condition of saturation limit J → ∞, the torque deduces
to the simple form
〈T〉 ≈ l~Γez. (16)
The is proportional to the orbital angular momentum of
photon l~, which is independent of the refractive index.
The atom still remains its rotation fashion in the LHM
(see Fig. 2). Obviously, the orbital angular momentum
of photon in LHMs is unreversed. This interesting fea-
ture is consistent with the appetence of the unreversed
rotational Doppler effect [15].
Note that the light remains linearly polarized and the
intrinsic spin plays no role in our theory model. When
a birefringent particle such as a calcite fragment is in-
troduced, and circularly polarized light would be con-
verted to linear. In principle, the spin angular momen-
tum should cause a particle to spin about its own axis.
The sense of rotation is governed by the spin angular
momentum of photons [16, 17]. In our opinion, spin
and orbital angular momenta do not depend upon the
refractive index and so is said to be intrinsic. Hence we
predict that the spin angular momentum should remain
its direction unchanged. Further research is needed to
demonstrate whether the spin angular momentum is re-
versed. It is possible that the study of photon momenta
in LHMs may make a useful contribution to long estab-
lished Abraham-Minkowski dilemma.
In summary, we have developed a semiclassical theory
to describe the photon momenta in LHMs. A single two-
level atom has been introduced to probe the momenta of
photons. We have demonstrated that the linear momen-
tum in LHMs should be reversed. However the orbital
angular momentum of photons remains unreversed, al-
though the wave-fronts reversed their screwing fashion.
We predict that not all optical effects would reverse their
properties in LHMs. Some intrinsic optical effect, such
as spin and orbital angular momenta of photon, should
unreverse its direction. The semiclassical theory can be
applied to explore other intriguing phenomena in LHMs,
such as photon recoil, Doppler effect, and photon drag ef-
fect. To explore whether these effect are reversed would
allow us to better understand the interaction of light with
LHMs.
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